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5. Multiple systems of stars and black holes
5.1 Binary stars
[R05 15.1; CO07 7]
→ It is estimated that about a half of the stars in the Milky Way are members of binary, triple or other multiple
stellar systems.
→ Visual binary: a pair of stars close to each other in the plane of the sky. Observed as two resolved objects.
Measures of parallactic motions (i.e. distances), proper motions and radial velocities are used to distinguish
physical binaries and optical binaries (just close in projection). With accurate measures of the apparent
orbits (time-variation of angular separation), distance (parallax) and an estimate of inclination, it is possible
to measure the total mass and, in some cases, the mass ratio of (physical) visual binaries. See fig. 7.4 of
CO07 (FIG CM5.1).
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where α˜ is the angular semi-major axis of the apparent orbit.
→ Eclipsing binary: a pair of unresolved stars. It appears like a single star, but variation of the luminosity
due to eclipses in the orbit (e.g. Algol: period of 2 days). Of course the angle between the orbital plane
and the line of sight must be small enough. From the light curve, it is possible to measure ratio of sizes and
ratio of luminosities of eclipsing binaries. See examples of light curves: total eclipse (fig. 15.5 of R05; FIG
CM5.2) and partial eclipse (fig. 15.6 of R05; FIG CM5.3).
→ Spectroscopic binary: a pair of unresolved stars. It appears like a single star, but its spectral lines are split
(double-line binary). The radial velocities (measured from line wavelength) change with time, periodically.
Monitoring the spectra we obtain the velocity curves. Sometimes only one line is seen, with wavelength
changing with time (single-line binary). Of course the orbital plane must not be orthogonal to the line of
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sight. With accurate analysis of the velocity curves, it is possible to measure the total mass and the mass
ratio of spectroscopic binaries. For example, for a circular orbit
2pia
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2pi
.
→ The observed (i.e. line-of-sight) velocity is vlos = v sin i, so
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,
meaning that if we estimate i and both radial velocities we can measure the total mass and then the single
masses.
→ Astrometric binary: one of the stars is much brighter than the other (unseen). The brighter star oscillates
around the centre of mass.
→ Close binary: the two stars are close enough that the atmosphere of at least one of the stars is deformed
by the gravitational interaction with the companion. Typically, one of the objects is compact (white dwarf,
black hole or neutron star) and we do not observe it: the behaviour of the other star reveals the presence
of a companion. The system is detected either as an astrometric binary, or because it emits in X-rays due
to accretion of gas onto the compact object (these systems are called X-ray binaries). Examples of systems
with a compact member: Sirius A + Sirius B (white dwarf), Scorpius X-1 (neutron star), Cygnus X-1 (black
hole). In special cases the compact object can be observed, for instance when it is a white dwarf (Sirius).
5.2 Close binaries: Roche lobes and mass transfer
[R05 15.15; MD 4.8]
→ A close binary can be considered in terms of the circular restricted three-body problem, in which the two
primaries are the two stars and the test-particle is any parcel of material which is in orbit around the stars.
Approximations: the stars are considered point masses and the orbit is assumed circular.
→ We have seen that the zero-velocity curves (ZVCs) are, depending on the value of the Jacobi integral CJ,
separate lobes, an 8-shaped curve (crossing in L1) or a single curve around both stars (see fig. 5.2 of VK,
i.e. FIG CM3.3). The 8-shaped ZVC corresponding to L1 is very important for the physical properties and
classification of close binaries. Each of the lobes is called Roche lobe.
→ According to how the circumstellar material (outer layers of the star gas) is distributed, we distinguish (Fig.
18.4 CO07; FIG CM5.4).
- Detached binaries (neither star fills its Roche lobe);
- Semi-detached binaries (only one star fills its Roche lobe);
- Contact binaries (both stars fill their Roche lobes).
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→ Though approximately calculated (using the circular restricted 3-body problem), the Roche lobe is actually
a physical limit to the size of each star in a binary. The outer layers (or atmosphere) of a star filling the
Roche lobe tend to be stripped and accreted through L1 onto the companion star.
→ Because of accretion, the evolution of each component of a close binary cannot be treated as isolated (e.g.
Algol paradox: more massive star is on the main sequence and less massive stars more evolved).
→ The distance from the secondary to L1 is called Roche radius. When µ  1 the same quantity (which, for
µ 1 is also ≈ the distance to L2) is called Hill’s radius ( =⇒ Hill’s sphere).
→ Roche limit. Sometimes the expression “Roche limit” is used to define the 8-shaped zero-velocity curve in
which L1 lies (e.g. R05). But typically the expression Roche limit is used in the context of satellite-planet
dynamics, as the maximum semi-major axis (of the satellite’s orbit) for which tidal disruption occurs. If the
orbital radius of the satellite is <∼ the Roche limit, the satellite is tidally disrupted. However Roche limit
and Roche radius are related. It can be shown (MD 4.8) that, for a spherical rocky satellite at the Roche
limit, L1 and L2 touch the surface of the satellite. If the “satellite” is gaseous or if it is a star, at the Roche
limit it fills its Roche lobe.
5.3 Triple and multiple stellar systems
[R05 1.3.2, 15.12]
→ Between 1/4 and 1/3 of the binaries are in fact found to be triple stellar systems.
→ Between 1/4 and 1/3 of the triple systems are quadruple systems and between 1/4 and 1/3 of the quadruple
systems are quintuple systems.
→ A hierarchical (tree-type) classification is useful (see Fig. 1.3 of R05; FIG CM3.34). Hierarchy n, where n
is the number of levels.
→ Typical configurations of triples: a wide binary system, one component of which is itself a close binary
(hierarchy 2).
→ Typical configurations of quadruples: a wide binary system, each component of which is itself a close binary
(hierarchy 2). Or a hierarchy-2 triple system, in which one of the components of the close binary is itself a
much closer binary (hierarchy 3). Separation ratios between different levels are large, up to two orders of
magnitude.
→ Dearth of multiple systems in which the mutual separations are of the same order, which has a dynamical
origin: hierarchical configurations are more stable.
→ We have seen that the interplay phase of the general three-body problem is transient and highly unstable
=⇒ escape/ejection.
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→ We have seen that a quasi-stable configuration is revolution: this explains why most triples are found in
these hierarchical configurations.
→ Mathematically the orbits are described using the same formalism as for the Earth-Moon-Sun system. We
use two vectors (Jacobi coordinates): rs (position vector of star 3, w.r.t. centre of mass of binary system
1+2) and r (position vector of star 2 w.r.t. star 1). Typically r/rs =  1, which can be used to simplify
the equations of motion.
→ The bottom line is that in a hierarchical triple system the orbits of the wide and close binaries are slightly
perturbed elliptic orbits.
5.4 Binary supermassive black holes
[VK 11.1; Merritt (2006); BT08 8.1.1(e)]
→ Most galaxies host at their center a supermassive black hole (BH) with masses MBH = 106-109M. MBH
linearly proportional to bulge mass of the host galaxy MBH ' 0.002Mbulge.
→ When two galaxies merge a binary BH is expected to form at the centre of the merger remnant. How do
these binary BHs form and evolve?
→ Four phases:
1) Formation of binary BH via dynamical friction;
2) Binary BH orbit shrinks because of dynamical friction;
3) Hardening of binary BH by ejection of stars (three-body interactions);
4) Emission of gravitational waves =⇒ coalescence.
→ Dynamical friction. A massive body (e.g. BH) traveling through a distribution of much less massive bodies
(e.g. stars) is decelerated.
→ 1) Formation.
Let us consider a minor merger in which a massive galaxy accretes a less massive satellite galaxy. Each
galaxy contains a BH at its centre. The satellite spirals into the centre because of dynamical friction. The
satellite is stripped of its stars by tidal forces and the BH ends up naked. The naked BH’s orbit decays
because of dynamical friction. But dynamical friction force is proportional to mass and MBH ≈Mbulge/1000,
the decay of is slower when the BH is naked. When the smaller BH gets close to the centre of the massive
galaxy a binary BH forms.
→ 2) Binary BH orbit shrinks because of dynamical friction.
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The two BHs orbit around each other and initially their orbit shrinks via dynamical friction. The speed v
of the BHs increases as the semi-major axis a of their orbit decreases. We have seen that
v2 = G(MBH1 +MBH2)
(
2
r
− 1
a
)
.
Assuming circular orbit of radius r = a:
v2 ' G(MBH1 +MBH2)
a
.
When v  σ (σ is velocity dispersion bulge, i.e. typical velocity of the stars) dynamical friction becomes
less and less effective. This mechanism works down to separation a ≈ 10 pc (for 108M BHs).
→ 3) Hardening of binary BH by ejection of stars.
When v  σ the BH binary is said a “hard binary”. We have seen (chapter 3) that a hard binary tends
to get harder (i.e. separation becomes smaller) via 3-body interaction and ejection of stars (fly-by). This
process is efficient as long as there are stars in the “loss cone” (i.e. with small enough angular momentum;
geometrically, a cone in energy-angular momentum space). If the loss con is empty, the BH stalls. This
mechanism works down to separation a ≈ 1 pc (for 108M BHs)
→ 4) Emission of gravitational waves =⇒ coalescence.
If the BH binary separation is small enough emission of gravitational waves (predicted by general relativity)
becomes important and lead to coalescence in a timescale
tgr ∝ a
4
(MBH1 +MBH2)2
tgr < 10
10yr if ≈ 0.01 pc (for 108M BHs).
→ Final parsec problem: how do orbits shrink from a = 1 pc to a = 0.01 pc (for 108M BHs)? Loss cone refill?
Triaxial nuclei?
→ See fig. 23 of Merritt (2006, arXiv:astro-ph/060507, FIG CM5.5).
5.5 The problem of three black holes
[VK 11.2]
→ Let us assume that a galaxy hosts in its nucleus a binary BH, formed as a consequence of a galaxy merger.
→ New merger before the binary coalesces =⇒ three BHs interacting.
→ Problem of three BHs different from classical three-body problem, because Newtonian gravity does not give
an adequate description.
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→ General relativity effects are important. Usual approach: Post-Newtonian formalism. Newtonian interaction
is modified only for close encounters.
→ Additional relativistic effect: loss of energy and angular momentum via emission of gravitational waves.
→ Some results of numerical investigations of the problem of three BHs:
- in about ∼ 50% of typical triple systems, 2 BHs coalesce, so the system becomes a binary.
- in the other ∼ 50% one of the BH is ejected, the other two form a binary, which also leaves the nucleus of
the galaxy as a consequence of the recoil. Typically speed of ejected bodies is less than escape speed of the
galaxy, so the ejected BH and the BH binary do not leave the galaxy. They can fall back into the nucleus
via dynamical friction (but dynamical friction timescale can be long, of the order of Gyrs).
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